Abstract. Let g be a simple Lie algebra over C and G be the corresponding simply connected algebraic group. Consider a nilpotent element e ∈ g, the corresponding element χ = (e, •) in g * , and the coadjoint orbit O = Gχ. We are interested in the set Jd 1 (W) of codimension 1 ideals J ⊂ W in a finite W -algebra W = U (g, e). We have a natural action of the component group Γ is isomorphic to an affine space. In this paper we will give an easier and shorter proof of this fact.
1. Introduction 1.1. Let g be a simple Lie algebra over C and G be the corresponding simply connected algebraic group. Let e ∈ g be a nilpotent element and χ = (e, •) be the dual element in g * , where (•, •) stands for the Killing form. We fix the coadjoint orbit O = Gχ. In [Pre02] Premet defined the finite W -algebra W = U (g, e) associated to the nilpotent element e. In [Los10b] Losev gave an alternative definition that will be recalled in Section 3.4.
Let Jd(W) and Jd 1 (W) be the sets of ideals and codimension 1 ideals in W respectively. Note that every codimension 1 ideal in W contains the two-sided ideal ([W, W]) generated by the commutator [W, W] . Therefore the set Jd 1 (W) is isomorphic to the set of codimension 1 ideals in the commutative algebra W ab := W/([W, W]). By the Hilbert Nullstellensatz such ideals are classified by the points of the maximal spectrum Specm(W ab ).
We set Γ := Z G (e)/Z • G (e) to be the component group of the centralizer Z G (e) of e and Q to be the reductive part of Z G (e). The action of Q on W preserves the ideal ([W, W]) and induces an action on Specm(W ab ). Recall that Γ is also equal to Q/Q • , and the action of Q • on any J ∈ Jd 1 (W) is trivial because of the embedding q → W, see [Pre07, Section 2] for more details. Therefore we have an action of Γ on Specm(W ab ). Let Jd 1 (W) Γ be the set of Γ-invariant codimension 1 ideals in W. The main goal of this paper is to give a geometric proof of the following theorem.
Theorem 1.1. [PT14, Theorem 2] Let g be classical. Then Jd 1 (W) Γ is in bijection with the set of points of an affine space.
1.2. The plan of the paper is as follows. It is known [Los10a] that there is a natural bijection between the set of Γ-invariant ideals J ∈ Jd 1 (W) Γ and the space Q(O) of formal graded Gequivariant quantizations of O. We want to relate the sets of the formal graded quantizations of the coadjoint orbit O and of its affinization Spec(C [O] ). The set of formal graded quantizations of the affinization was computed by Losev in [Los16] . In Section 2 we consider the isomorphism classes of formal graded quantizations of Spec(C [O] ). By [Los16] these are classified by the points of P/W for some affine space P and a finite group W . In Section 3 following [Los10a] we construct a natural bijection between the set of Γ-invariant ideals J ∈ Jd 1 (W) Γ and the space Q(O) of formal G-equivariant quantizations of O mentioned above. In Sections 4 and 5 we show that Q(O) and P/W are in a natural bijection. This is the main part of this paper. The construction of Section 3 gives us an algebraic quantization of an affine subscheme of g * with the reduced scheme O. We show that it can be extended to a holomorphic one (i.e. a quantization in the complex-analytic topology). After that, we lift that holomorphic quantization to a quantization of Spec(C [O] ). That gives us a bijection between Q(O) and P/W as sets. We deduce the main theorem from that.
1.3. Acknowledgments. I am deeply grateful to Ivan Losev for the statement of the problem and for many fruitful discussions. I would also like to thank Alexey Pakharev for stimulating conversations and many helpful suggestions that allowed me to improve the exposition.
Quantizations of Spec(C[O])
2.1. Graded formal quantizations. Let A be a finitely generated Poisson algebra equipped with a grading A = ∞ i=0 A i such that A 0 = C, and the Poisson bracket has degree −d, where
] and complete and separated in the h-adic topology. Assume that A h is equipped with a C × -action by C-algebra automorphisms that is rational on all quotients A h /(h k ) and satisfies t.h = th. Moreover, suppose that [
algebras in this paper are assumed to satisfy all of these conditions. We have a skew-symmetric bracket on A h given by {a, b} = [a,b] h d that induces a Poisson bracket on A h /(h). The action of the torus on A h induces a grading on the quotient A h /(h). Suppose that there is an isomorphism θ : A h /(h) ≃ A of graded Poisson algebras. We say that A h together with an isomorphism θ is a graded formal quantization of A.
Example 2.1. The completed homogeneous universal enveloping algebra
) is a formal quantization of the Poisson algebra S(g).
By a Poisson scheme we mean a scheme X over Spec(C) whose structure sheaf O X is equipped with a Poisson bracket. For example, for any finitely generated commutative Poisson algebra A the affine scheme X = Spec(A) is a Poisson scheme. By a formal quantization of X we understand a sheaf 
]-algebras such that θ 1 = θ 2 • φ. Any such morphism is automatically an isomorphism of formal quantizations.
We will need the following standard lemma.
Lemma 2.2. Let A be a Poisson algebra and X = Spec(A). The map D → Γ(X, D) gives a bijection between the set of formal quantizations of X and the set of formal quantizations of A.
Let X be a complex analytic space such that the sheaf H X of holomorphic functions is equipped with a Poisson bracket. We will call such X a Poisson analytic space. Suppose that we have an action of C × on X. Similarly to the notion of a formal quantization of X we define a formal holomorphic quantization of X to be a sheaf
and complete and separated in the h-adic topology together with a C × -invariant isomorphism of sheaves of Poisson algebras θ : D/hD ≃ H X .
Example 2.3. Let G be a complex Lie group. Let D G be a sheaf of differential operators on G.
on Rees completions. The resulting sheaf D G,h can be microlocalized to a formal quantization D G,h on the cotangent bundle T * G.
Recall from [KR08] the notion of a W -algebra on a symplectic manifold X. In Section 2.2.3 loc.cit. the canonical W -algebra W T * G coming from the sheaf of holomorphic differential operators on G is constructed. The sheaf D G,hol,h = W T * G (0) is a formal holomorphic quantization of T * G.
Example 2.4. Set X = g * with the canonical structure of a Poisson variety. The left-invariant vector fields on G give a trivialization of the cotangent bundle T * G ≃ G × g * . Therefore we have a map π : T * G → g * . We set D := (π * D G,h ) G and D hol := (π * D G,hol,h ) G . These are formal and formal holomorphic quantizations of g * correspondingly. The formal quantization of
Quantizations of Spec(C[O]
). Let X be a normal Poisson algebraic variety such that the regular locus X reg is a symplectic variety. Let ω reg be the symplectic form on X reg . Suppose that there exists a projective resolution of singularities ρ : X → X such that ρ * (ω reg ) extends to a regular (not necessarily symplectic) form on X. Following Beauville [Bea00] , we say that X has symplectic singularities. We will be mostly interested in the following example. 
Let X be an affine conical Poisson variety that has symplectic singularities. Following Namikawa, we can construct a certain affine space P (denoted by h in [Nam11] ) and a finite group W acting on P by reflections. In [Los16] Losev showed that formal graded quantizations of X are classified by P/W . Together with the Chevalley-Shepherd-Todd's theorem this imply the following description of the isomorphism classes of formal graded quantizations of X. 3. Quantizations of coadjoint orbits 3.1. Hamiltonian G-equivariant quantizations. In this section we recall constructions and results from [Los10a] . All quantizations are assumed to be formal. Let X be a smooth symplectic variety over C. Then both the structure sheaf O X and the sheaf of holomorphic functions H X admit Poisson brackets {•, •} induced from the symplectic form. Therefore we may consider (holomorphic) quantizations of the variety X. In this section the main example is X = O, the nilpotent coadjoint orbit with the Kostant-Kirillov symplectic form ω χ (µ, η) = χ([µ, η]). The induced Poisson bracket has degree −1.
Suppose that we have an action of a connected algebraic group G on X. We say that a (holomorphic) quantization D is G-equivariant if the action of G on O X (resp. H X ) lifts to the action on D by algebra automorphisms such that h is G-invariant. For ξ ∈ g let ξ X be the derivation of O X (resp. H X ) induced by the action of G.
Recall that a map µ : X → g * is called the moment map if {µ * (ξ), •} = ξ X . From now on suppose that X is equipped with a moment map µ. For X = O the natural embedding O ֒→ g * is a moment map. Let D be a G-equivariant quantization of X. We say that a map
We say that D is Hamiltonian if it is equipped with a quantum comoment map φ h .
In this section we will study G-equivariant Hamiltonian (holomorphic) quantizations of O. Since the action of G is transitive, the idea is to reduce a quantization to its fiber at a point. To do this we will need to use quantum jet bundles.
Quantum jet bundles. Let us first recall the notion of the jet bundle
Note that the fiber of J ∞ O X at any point is non-canonically isomorphic to the algebra of formal series in dim X variables. Let ∇ be a connection on
We can uniquely extend it to a continuous in I ∆ -adic topology flat connection on J ∞ O X . To simplify notations we will also denote it by ∇.
Recall that X is a symplectic variety. The sheaf O X×X has a natural O X -linear (corresponding to the first factor) Poisson bracket that extends to one on J ∞ O X . The bracket on the sheaf O X of flat sections coincides with the initial one. The fiber of J ∞ O X at a point x is the algebra A = C[[x 1 , . . . , x n , y 1 , . . . , y n ]], where n = 1 2 dim(X) with the Poisson bracket given by {x i , x j } = 0, {y i , y j } = 0 and {x i , y j } = δ ij . Note that A is the completion of the stalk O x with respect to the maximal ideal.
Analogously we can define the holomorphic jet bundle J ∞ H X . The fiber of J ∞ H X will be a completion of the stalk H x with respect to the maximal ideal. It is a standard fact that this completion is the same algebra A.
Now let D be a quantization of X. We can define J ∞ D in the following way. We have the
Definition 3.1. A quantum jet bundle is a triple (D, ∇, Θ), where:
sheaves of Poisson algebras that intertwines the connections.
A morphism of two quantum jet bundles (
]-algebras intertwining the connections, and such that Θ 1 = Θ 2 • Φ. By Nakayama's lemma any morphism of two quantum jet bundles is an isomorphism.
One can check that for any quantization D the corresponding jet bundle J ∞ D is a quantum jet bundle. Moreover, there is the following proposition.
• D → D ∇ define mutually quasi-inverse equivalences between the category of quantizations of X and the category of quantum jet bundles on X.
3.3. Hamiltonian quantum jet bundles. We are interested in the quantum jet bundles corresponding to Hamiltonian quantizations. We say that a quantum jet bundle (D, ∇, Θ) is G-equivariant if D is equipped with an action of G such that ∇ and h are G-invariant and Θ : D/hD → J ∞ O X is G-equivariant. One can check that assignments from Proposition 3.2 define quasi-inverse equivalences between the category of G-equivariant quantizations of X and the category of G-equivariant quantum jet bundles on X.
Now suppose that X is endowed with a moment map µ :
We have the left, right and diagonal actions of G on X × X which give the maps ξ → ξ l X×X , ξ r X×X , ξ X×X = ξ l X×X + ξ r X×X : g → Der(O X×X ). The left action the connection on O X×X , the right one comes from the moment map. Therefore we have ξ
By Proposition 3.2 they correspond to Hamiltonian quantizations.
Note that for the homogeneous space X = O of the group G we have H 1 DR (X) = 0. Therefore any G-equivariant quantum jet bundle (D, ∇, Θ) on O admits a unique quantum comoment map
The map Φ h extends to an algebra homomorphism
, where the last map is induced by µ * :
It is endowed with a natural flat connection ∇ U . The quantum comoment map Φ h extends to a continuous homomorphism Φ h : J ∞ U h → D intertwining the connections. This map plays a crucial role in the classification of G-equivariant quantizations of O.
3.4. Finite W -algebra. In this section we will give a definition of the W -algebra W following [Los10b] .
Recall from Example 2.1 that
be the maximal ideal corresponding to the point χ and m χ be its preimage in U h (g). We have the completion of U h (g) in the point χ defined by
Recall that for a finite-dimensional vector space V with a symplectic form ω we have the homogeneous
We have a natural action of the centralizer Z G (e) ⊂ G on U h (g) that fixes the ideal m χ and therefore extends to U ∧ h . Set Q to be the reductive part of Z G (e). We have the following decomposition due to Losev [Los10b, Theorem 3.3.1].
We denote the action of C × on W h by γ. Let W h,f in be the subalgebra of W h spanned by the elements w ∈ W h such that γ(t)w = t i w for some i. We set W = W h,f in /(h − 1).
For an ideal J ∈ Jd(W) let J h = k≥0 J ∩ W ≤k h k be the corresponding ideal in the Rees algebra W h,f in . We set J ∧ h ⊂ W h to be the completion of J h . We have the following important criteria of an ideal in W to be of codimension 1.
. Ideals in W -algebra vs quantization of orbits. Let us apply the techniques discussed above to study the set of quantizations of O = Gχ. Let H = G χ be the stabilizer of χ and Γ = H/H • its component group.
Recall from Section 3.3 that for any graded G-equivariant quantization D of O we have a quantum jet bundle D := J ∞ D and the quantum comoment map of quantum jet bundles Φ h :
Lemma 3.6. [Los10a, Lemma 5.2] The morphism Φ h is surjective.
We will need the classification of ideals of J ∞ U h . We say that an ideal I of a flat
We have the following description of the set of homogeneous G-stable h-saturated ideals in J ∞ U h . Following
by Proposition 3.5 and is Γ-invariant by construction.
In the opposite direction, for an ideal J ∈ Jd 1 (W) let J ∧ h be the corresponding ideal in the Rees completion W h . We denote the ideal
Since J is stable with respect to the connection ∇ U , there is an induced connection
One Let us explain the structure of the proof of Theorem 1.1. The affine Poisson scheme Y may not be normal or even reduced. Therefore we want to lift quantizations to a normal scheme Spec(C[O]). By Proposition 5.1 it is enough to lift quantizations to symplectic leaves of codimension less then 4. The smooth parts of both varieties coincide, so we need to look locally at points on codimension 2 symplectic leaves. To lift a quantization it is more convenient to work in the complex-analytic topology. In Theorem 4.10 we microlocalize a quantization of Y to a holomorphic quantization of Y . In Section 5 we construct a holomorphic quantization of Spec(C[O]) corresponding to one of Y and consider the corresponding algebraic quantization. In Section 5.3 we show that the main theorem follows from the constructions discussed above. Let X be an algebraic scheme over C. The set of closed points of X can be endowed with the structure of an analytic space X hol . The natural embedding ı : X hol → X is continuous, where we consider Zariski topology on X and analytic topology on X hol . For a closed point x ∈ X we have a local ring O x with maximal ideal m x . We define the completion O x as a limit lim ← −k→∞ O x /m k x . Analogously, for a point x ∈ X hol we consider the analogous completion H x = lim ← −k→∞ H x /m k x,hol . Since every regular function in the neighborhood of x gives a germ of holomorphic function at x we have the embedding θ x : O x → H x on stalks that extends to a map θ x : O x → H x . For a coherent algebraic sheaf F on X we define a holomorphic sheaf F hol on X hol by
Remark 4.3. In fact, F and O X are sheaves on X, not X hol , so we have to replace them by their inverse images ı −1 F and ı −1 O X . In what follows we will omit such details. A module M over a sheaf of algebras F on X is called of finite type if for every point x ∈ X there is an open neighborhood U ∋ x such that M U admits a surjective morphism from a free finitely generated F U -module F 
χ on stalks of the point χ and I h = I ∧ h,f in be the corresponding ideal in U h = Γ(g * , D). We set I ⊂ D to be the two-sided ideal generated by I h . Since I h is a finitely presented U h -module, we have I ∈ D -mod.
Note that Γ(D/I) = U h /I h , so restricting to the affine scheme X the quantization D/I is a microlocalization of U h /I h , i.e. D ′ . The discussion above implies the following proposition.
Proposition 4.9. Let i be the natural embedding of X in g * . Then we have the following isomor-
The main theorem of this section is as follows.
Theorem 4.10. The sheaf J hol is an h-saturated two-sided ideal in D hol . Moreover, the quotient D hol /J hol is a holomorphic quantization of X as an analytic subspace.
Let us check the first part of the theorem. We have the following more specific statement.
Proposition 4.11. The sheaf J hol is a two-sided ideal in D hol generated by J χ .
Proof. From the construction of the functor • hol the sheaf J hol is a right ideal in D hol generated by J χ . We have to check that for every point x ∈ g * the stalk J hol,x is a two-sided ideal.
By Lemma 4.6, J x ≃ J hol,x . We set I x = J x ∩D hol,x . Note that J hol,x ⊂ I x and I x is a two-sided ideal. From the universal property of completions the embedding map i : I x → J x factors through f : I x → J x . Note that f is injective. Therefore J hol,x ⊂ I x ⊂ J x , so I x = J x = J hol,x .
Let g : J hol,x → I x be the natural embedding and set C = Coker(g). The completion functor • = • ⊗ D hol,x D hol,x is exact on finitely generated D hol,x -modules, so C = Coker( g) = 0. From the faithfulness of the completion functor C = 0, so I x = J hol,x , and the latter one is 2-sided.
Proof of Theorem 4.10.We have to check that J hol,x is h-saturated for every x ∈ g * . Recall that J and therefore J x are h-saturated. Hence the intersection
Therefore D ′ hol restricted to X is a holomorphic quantization of X. Theorem 4.10 is proved.
5. Lift to the normalization 5.1. Singularities in codimension 2. Let X be the same as in Section 4. In this section we show that any holomorphic quantization D hol of X can be lifted to a holomorphic quantization D hol of the normalization Spec (C[O] ). We set π : Spec(C[O]) → X to be the normalization map. We will denote Spec(C[O]) by X and omit indexes hol. To avoid confusion we will denote sheaves of holomorphic functions on X and X by H and H correspondingly. Recall the following well-known fact that we will prove in the Appendix.
Proposition 5.1. Let X be a normal Cohen-Macaulay affine Poisson variety with finitely many symplectic leaves. Let X 2 be the union of the smooth part X reg and all symplectic leaves of codimension 2. Then any (holomorphic) quantization of X 2 uniquely extends to a (holomorphic) quantization of X.
Therefore it is enough to lift a holomorphic quantization of X to one of X 2 . The smooth locus of X is the orbit O, so it is enough to construct a sheaf of C[ By two singularities meeting transversally in the point we mean the following. The Kleinian singularity A k is an affine scheme Spec(A), where A = C[x, y, z]/(xy − z k+1 ). We have a maximal ideal (x, y, z), corresponding to the singular point 0 ∈ Spec(A), and a quotient map A → C. Consider a map A ⊕ A → C and set B to be its kernel. We define the singularity A k ∪ A k as Spec(B).
Let O ′ be a codimension 2 orbit in O, and S be the corresponding singularity. Consider a point
for some open U ⊂ O ′ . Note that standard neighborhoods of x form a base of open subsets of X containing x.
If S is of type A k or D k , the corresponding singularity in the normalization X is equivalent to the one in O. Consider a point x ∈ O ′ ⊂ X, and set y = π −1 (x). We have a standard open neigborhood V ⊂ X of x and set V = π −1 (V ) to be an open neighborhood of y. Then V = U × S ⊂ X, and D( V ) = D(V reg ) by construction. We need to show that D y /h D y ≃ H y .
Assume that the singularity S of the codimension 2 orbit
is open, and S i is the singularity of type A k . Let x 1 , x 2 ∈ X be the two preimages of x. We have
The proof for the singularity S of type A k or D k can be obtained in the same way.
We have a natural map D(
. Note that by the Hartogs extension theorem
Standard open neighborhoods V i of x form a base of open subsets containing the point x. Therefore we can define stalks of sheaves at points x, x 1 , x 2 as limits of open neighborhoods
We have an induced map on stalks
It is enough to show that this map is surjective.
For every
2 ) from the Hartogs extension theorem. Taking the limit we get a map H x → H x 1 ⊕ H x 2 . We have the following commutative diagram
Here H x,O ′ stands for the ring of germs of analytic functions on O ′ at the point x. Note that the lower sequence is exact at the middle. Since D is a holomorphic quantization of X the left vertical map is surjective. Therefore it is enough to show that the composition φ : ) is an affine scheme and therefore a Stein analytic space. By [Car57] ,
In the opposite direction, for any f ∈ Γ(Spec (C[O] ), H) consider its germ at 0. It can be C × -equivariantly lifted to a germf of a function on C n at 0 for some n. If f is C × -finite thenf is expressed by a polynomial function, so f is a regular function. Therefore Γ(Spec (C[O Remark 5.6. In fact, Premet and Topley considered an algebra U (g, e) ab Γ that is the quotient of W ab by the ideal I Γ generated by all φ − φ γ with φ ∈ W ab and proved that U (g, e) ab Γ is a polynomial algebra. Then Jd 1 (W) Γ is identified with the set of points of Specm(U (g, e) ab Γ ) that is an affine space.
Apppendix
In this section we give a proof of Proposition 5.1. Proposition 6.1. Let X be a normal Cohen-Macaulay affine Poisson variety with finitely many symplectic leaves. Let X 2 be the union of the smooth part X reg and all symplectic leaves of codimension 2. Then any (holomorphic) quantization of X 2 uniquely extends to a (holomorphic) quantization of X.
Proof. That is a well-known fact for the algebraic case, we will prove the proposition for holomorphic quantizations. Let i : X 2 → X be the natural embedding. Let D be a holomorphic quantization of X 2 . We will show that i * D is a holomorphic quantization of X. Consider an open subset Y ⊂ X. D) is an isomorphism. First, we need the following lemma.
Lemma 6.2. Let X be a Cohen-Macaulay algebraic scheme. Then X hol is a Cohen-Macaulay analytic space.
Proof. Consider a point x ∈ X hol . We need to show that the local ring H X,x is Cohen-Macaulay. Let H X,x be the completion of H X,x with respect to the maximal ideal. By [Mat87,  
The last term in (2) is trivial, so we have a surjective map H 1 (Y 2 , hD) → H 1 (Y 2 , D). We need the following lemma. 
